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LEADER-FOLLOWER FORMATION

CONTROL OF MULTI-ROBOTS BASED

ON BEARING-ONLY OBSERVATIONS

Qing Han,∗,∗∗ Shudong Sun,∗∗ and Hao Lang∗∗

Abstract

This study proposes the bearing-only leader-follower formation

control method and examines the nonlinear observability properties

of the leader robot system. A study of the nonlinear observability

properties between the leader robot and landmarks shows that the

system is completely observable when the leader robot can observe

four different landmarks. A subsequent study of the leader-follower

formation control shows that when the leader robot system satisfies

the observability condition of the nonlinear system, the system

output can convey sufficient information to allow the observer to

provide a correct estimate of the state. Consequently, multi-robots

can quickly form and maintain a formation based on the following

sufficient bearing-only information, which is that follower robots

observe the leader robot. In leader-follower formation, the unscented

Kalman filter is employed to estimate the states of the leader-

follower robot system. Based on this system, the input-output

feedback control law is executed to control the real-time movement

of the followers, which allows the leader-follower formation to be

properly maintained. Finally, simulation results are presented to

demonstrate that the proposed approach can efficiently control the

formation of multi-robots as desired.
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1. Introduction

Multi-robot formation can be employed for various tasks,
such as underwater or outer space exploration, shop floor
transportation, guarding, escorting, pruning, thinning,
harvesting, mowing, spraying, weed removal, and patroll-
ing missions [1]–[4], which has received immense attention
from both academics and corporate executives, leading to
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rapid and significant progress. The advantages of a multi-
robot over a single robot system include greater flexibility,
adaptability and robustness [5]–[10]. However, controlling
multi-robots formation is both challenging and critical, es-
pecially when the observation information is poor. A vari-
ety of formation control methods have been proposed, such
as virtual structure approach [11], [12], behaviour-based
approach [13], leader-follower approach [14]–[19], artificial
potential [20], [21] and graph theory [22], [23]. Among
these, the leader-follower approach has been widely used
due to its simplicity, scalability, flexibility, adaptability
and reliability. Among the existing leader-follower ap-
proaches, most need at least distance-angle information or
other information.

In real environments, the available observations of
multi-robots might only be bearing observations, which
will pose a great challenge to formation control. For the
robot formation control, the leader robot plays a very im-
portant role. When the leader robot system is observable,
the leader-follower formation can run along a complex tra-
jectory and maintain the desired formation. In [23], the
number of landmarks is needed for full observability of a
group of n robots performing cooperative localization when
the robot and landmarks are not on the same line. In [24],
the observability analysis of the cooperative location for
two robots is presented, with bearing-only measurements,
and the robot states are not observable with respect to a
global reference frame. It has been shown that two land-
marks are needed for the observability of a single vehicle
[25]–[27]. Until now, only a few special cases specific to
the problem of bearing-only formation control have been
solved. In [28]–[30], bearing-only control laws have special
requirements for the number of robots, and guaranteed
global stability is only applicable to formations composed
of three or four robots. In [31], the localization problem
using bearing-only observations is studied using a new ob-
servability condition valid for general nonlinear systems
and based on the extended output Jacobian.

For the formation errors and the speed errors to be
bounded, the system must be observable, and the estima-
tion techniques must be used. Recently, some estimation
algorithms such as particle filter (PF) [32]–[34], unscented
Kalman filter (UKF) [35], the extended Kalman filter [36]
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and the extended information filter [37] have been used to
solve the localization.

Given that car-like robots have better adaptability
than unicycle robots in unstructured environment, car-like
robot formation is more widely used. Although current
research predominantly focuses on unicycle robot forma-
tion, car-like robot formation based on bearing-only obser-
vations is studied in this paper. Considering the fact that
multi-robots are needed to maintain a desired formation
in applications such as surveillance, reconnaissance, search
and rescue, and transportation, car-like robot formation
research has a significant economical and social impact.

In this paper, our approach applies to the situation
of n robots. The contribution is threefold. To begin, the
car-like robot is front-wheel driving, thus the car-like robot
becoming jammed does not occur when the steering angle
is ±π/2. Meanwhile, the off-axis problem [18], [31] and
the singular of the decoupling matrix [14], [31] are both
overcome when the follower robots observe the bearing
information of the leader robot. Second, observability of
the leader robot system is ensured if the leader robot can
observe a minimum of two different landmarks. The leader
robot’s trajectories, which must be ideal in formation
control, are overcome using the PF estimation algorithm.
Finally, based on the bearing-only observations, UKF is
employed for the state estimation of the leader-follower
robot formation system, which enables the real-time and
stable movement of the follower robots via the input-
output feedback control.

The remainder of the paper is organized as follows.
Section II presents a solution to the leader robot local-
ization problem, which involves the use of PF based on
bearing-only observations of landmarks made by the leader
robot. Section III presents UKF-based input-output feed-
back control. Simulation results are given in Section IV.
In Section V, we offer our conclusions.

2. The Leader Robot Localization Based on
Bearing-only Observations

2.1 Modelling

The setup, we will consider throughout this work, is for
n car-like robots. As depicted in Fig. 1, for simplicity,
we assume that the two wheels on each axle (front and
rear) collapse into a single wheel located at the midpoint
of the axle. The front wheel can be steered and driven.

Figure 1. Relative position measurement graph.

The system is subject to two nonholonomic constraints:
(1) for the front wheel, and (2) for the rear wheel

ẋf sin(δ + θ)− ẏf cos(δ + θ) = 0 (1)

ẋ sin θ − ẏ cos θ = 0 (2)

The ith front-wheel driving and steering robot kine-
matics can be abstracted as

Ṡi = fi(Si, ui)
Δ
=

⎛
⎜⎜⎜⎜⎜⎜⎝

ẋfi

ẏfi

η̇i

θ̇i

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

cos ηi

sin ηi

0

sin(ηi − θi)/d

⎞
⎟⎟⎟⎟⎟⎟⎠

νi +

⎛
⎜⎜⎜⎜⎜⎜⎝

0

0

1

0

⎞
⎟⎟⎟⎟⎟⎟⎠

ωi

(3)

where Si =
[
xfi yfi ηi θi

]T
∈R

4 is the robot state in

the Cartesian coordinates, including the robot position[
xfi yfi

]
, the robot orientation is θi and the absolute

steering angle is ηi = θi + δi with respect to the x-axis,
νi and ωi are the driving and steering velocity, respec-
tively, and d is the distance between the centre of the
front and rear axles of the robot. Without loss of gen-
erality, we assume that robots can only move forward(
νi ≥ 0, i = 1, · · · , n

)
. The ith rear-wheel driving and

front-steering robot kinematics can be abstracted as

Ṡi = fi(Si, ui)
Δ
=

⎛
⎜⎜⎜⎜⎜⎜⎝

ẋi

ẏi

θ̇i

δ̇i

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

cos θi

sin θi

tan δi/d

0

⎞
⎟⎟⎟⎟⎟⎟⎠

νi +

⎛
⎜⎜⎜⎜⎜⎜⎝

0

0

0

1

⎞
⎟⎟⎟⎟⎟⎟⎠

ωi (4)

From (4), we can easily find that there is a model
singularity at δi =±π/2, but the singularity does not occur
in (3); in fact, the robot can still pivot about its rear wheel
at δi =±π/2. Because front-wheel driving robots overcome
singularity, we choose the front-wheel driving and steering
robots. We assume that each robot uses an exteroceptive
sensor to measure relative bearing to other robots and
known landmarks that are within the field-of-view of the
sensor. Relative bearing from the ith robot to the kth
robot or landmark can be written as

ϑik = arctan

(
yk − yfi
xk − xfi

)
− ηi =σi − ηi (5)

For leader robot system localization, the leader robot
can obtain bearing measurements by measuring four dif-
ferent landmarks.

2.2 Leader Robot Localization using PF

To improve localization accuracy, the position estimation
of the leader robot is absolutely critical. We use PF to
implement the bearing-only leader robot system location.
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In Bayesian terms, the PF approximates the states using
a set of random particles with associated non-negative
weights:

P (st) ≈
Nt∑
i=1

ω
(i)
t δ

s
(i)
t
(st),

Nt∑
i=1

ω
(i)
t = 1, ω

(i)
t ≥ 0 (6)

where {s(i)t , ω
(i)
t }i=1,2,...,Nt

represent, the states and
weights of particles, Nt is the total number of particles at
time t and δs(·) denotes the delta-Dirac mass located in
the s. The weights ωt are chosen using the principle of
sequential importance sampling (SIS), which relies on

ωt ∝ ωt−1
p(ϑikt |st)p(st|st−1)

q(st|s1:t−1, ϑikt)
(7)

where ϑikt
is the observation, and q(·) is a proposal impor-

tance density.
It is well known and has been verified that after a few

iterations in the particle propagation process, the PF will
result in sample degeneracy, as depicted [38]. This is one
of the inherent faults of SIS. To overcome this, resampling
is usually applied [33], [39], which eliminates particles that
have small weights and concentrates on particles with large
weights, as described by the equation:

p(st) ≈
N∑
i=1

N (i)

N
δ
s
(i)
t
(st),

N∑
i=1

N (i) = N (8)

where N (i) is the number of times that the ith particle
is sampled. The expectation of the number of times each
particle is sampled satisfies the unbiasedness condition:

E(N i|ω1:N
t ) = Nω

(i)
t (9)

2.3 Observability Analysis of the Leader
Robot System

The leader robot plays a very important role in the leader-
follower robot formation control. When the leader robot
system is observable, the formation errors are bounded.
Under that condition, the leader robot’s trajectories are
very close to the true trajectories. Based on the nonlinear
observability rank criteria [40], we derive the linearly in-
dependent rows in the observability matrix for the leader
robot by observing a certain number of landmarks and
the conditions under which the maximum number of lin-
early independent rows can be obtained. To compute Lie
derivatives, the nonlinear kinematic (3) is changed into the
following convenient form:

ṡ i = fνiνi + fwiωi (10)

The zeroth-order Lie derivative of any scalar function
is the function itself, i.e.,

L0hk(s, z) = hk(s, z) (11)

The first-order Lie derivative of the function hk(s, z)
with respect to fνi

is defined as

L1
fνi

hk(s, z) = ∇L0hk(s, z)·fνi (12)

Here, ∇ represents the gradient operator and · denotes
the vector inner product.

Because L1
fνi

hk(s, z) is a scalar function itself, the

second-order Lie derivative of hk(s, z) with respect to fνi is

L2
fνifνi

hk(s, z) = ∇L1
fνi

hk(s, z) · fνi (13)

Higher-order Lie derivatives are computed similarly.
Additionally, mixed Lie derivatives are defined. The
second-order Lie derivative of hk(s, z) with respect to fνj,
given its first derivative with respect to fνi, is

L2
fνifνj

hk(s, z) = ∇L1
fνi

hk(s, z) · fνj (14)

Based on the preceding expressions for the Lie deriva-
tives, the observability matrix is defined as the matrix with
rows

M = [∇Lp
fνi,··· ,fνj ,fωi

,···fωj
hk(s, z)] (15)

where j = 1, · · · , n, i, k = 1, · · · , n, p ∈ N.

Lemma 1: Locally, the system is weakly observable if its
observability matrix M , which is constructed by the row
vector, has full rank, e.g., in our case rank (M)= 4n.

For simplicity, we assume cθi
Δ
= cos θi, sθi

Δ
= sin θi,

sηi
Δ
= sin ηi, cηi

Δ
= cos ηi, cδi

Δ
= cos δi and sδi

Δ
= sin δi.

In (3),

fνi = [cηi sηi 0 sδi/d]
T (16)

fωi = [0 0 1 0]
T (17)

The necessary Lie derivatives of hk(s, z) and their
gradients are computed, which allows us to obtain the
observability matrix M .

A robot observes a landmark:
The zeroth-order Lie derivative:

L0hk(s, z) = ϑik1 = arctan

(
yk1 − yfi
xk1 − xfi

)
− ηi (18)

and its gradient scaled by R2
ik1

is given by

∇L0hk(s, z) = [−Δyik1 Δxik1 −R2
ik1

0] (19)

where Δxik1 = xfi − xk1 , yik1 = yfi − yk1 , and R2
ik1

=
(Δxik1)

2 + (Δyik1)
2.

The first-order Lie derivatives:

L1
fνi

hk(s, z) = cηi + sηiΔxik1 − sδiR
2
ik1

/d (20)

L1
fωi

hk(s, z) = −R2
ik1

(21)

with their gradients given by
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∇L1
fνi

hk(s, z) =
[
−2Δxik1sδi/d+ sηi −2Δyik1sδi/d− cηi −R2

ik1
cδi

/
d+Δxik1cηi +Δyik1sηi R2

ik1
cδi

/
d
]

(22)

∇L1
fωi

hk(s, z) = 2
[
−Δxik1 −Δyik1 0 0

]
(23)

Clearly, the gradients of the second-order and higher-
order Lie derivatives are linearly dependent on the rows of
the observability matrix corresponding to the gradients of
the first-order and the lower-order Lie derivatives. As a

Mik1 =

⎡
⎢⎢⎢⎣

−Δyik1 Δxik1 −R2
ik1

0

−2Δxik1sδi/d+ sηi −2Δyik1sδi/d− cηi −R2
ik1

cδi
/
d+Δxik1cηi +Δyik1sηi R2

ik1
cδi

/
d

−2Δxik1 −2Δyik1 0 0

⎤
⎥⎥⎥⎦ (24)

Lemma 2: The rank of the observability matrix Mik1

given by (24) is 3 if
1. Vi > 0;
2. the robot does not move along the line that joins the

robot and the landmark.

Proof: If the robot does not move along the line that joins
the robot and the landmark, the Mik matrix in (24), by
means of a finite sequence of elementary row operations,
can be transformed to its simplified form in (25)

Mik1 ⇒

⎡
⎢⎢⎢⎣
1 0 0 Δyik1

0 1 0 −Δxik1

0 0 1 −1

⎤
⎥⎥⎥⎦ (25)

It is obvious that the three nonzero rows in (25) are
linearly independent, and they correspond to the gradients
of L0hk(s, z), L1

fνi
hk(s, z) and L1

fωi
hk(s, z). Therefore,

Mik12 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Δyik1 Δxik1 −R2
ik1

0

−Δyik2 Δxik2 −R2
ik2

0

−2Δxik1sδi/d+ sηi −2Δyik1sδi/d− cηi −R2
ik1

cδi
/
d+Δxik1cηi +Δyik1sηi R2

ik1
cδi

/
d

−2Δxik2sδi/d+ sη −2Δyik2sδi/d− cηi −R2
ik2

cδi
/
d+Δxik2cηi +Δyik2sηi R2

ik2
cδi

/
d

−2Δxik1 −2Δyik1 0 0

−2Δxik2 −2Δyik2 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(27)

result, we are able to obtain the following two lemmas on
the observability of the bearing-only leader robot system as
described so far. We can write the rows of the observability
matrix corresponding to ϑik1 , whereby a robot observes a
landmark, using the gradients of Lie derivatives up to the
first order, as

the rank of (25) is 3, i.e., rank (Mik1)= 3. Moreover, from
Lemma 1, we know that the single robot states are not
weakly observable at a local level.

A robot observes at least two different landmarks:
The rank of the observability matrix can be easily

obtained in the same way as with Lemma 2.
fνi and fωi are the same as (16) and (17), respectively.
Because a robot observes two different landmarks, hk(s, z)
is defined as

hk(s, z)=

⎡
⎣ϑik1

ϑik2

⎤
⎦ (26)

We can write the rows of the observability matrix

corresponding to

⎡
⎣ϑik1

ϑik2

⎤
⎦, whereby a robot observes two

different landmarks, using the gradients of Lie derivatives
up to the first order, as (27).
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Lemma 3: The rank of the observability matrix is 4 if

1. Vi > 0;

2. the robot does not move along the line that joins the
robot and the landmark;

3. the robot and two landmarks are not on the same line
(i.e., ϑik1 �= ϑik2).

Proof: Meeting the three prerequisite requirements above,
the Mik12 matrix in (27) can be transformed to the simpli-
fied form in (28) by means of a finite sequence of elementary
row operations.

Mik12 ⇒

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(28)

From the results, we can see that the simplified form
of the Mik12 matrix has four linearly independent rows;
therefore, rank (Mik12)= 4. Consequently, from Lemma 1,
the single robot states are completely observable.

From Lemma 3, we know that if all of the n robots in
the group can directly observe a minimum of two different
landmarks, then the system is completely observable (i.e.,
rank (M)= 4n). If a system is weakly observable at
a local level, the system output can convey information
rich enough to allow the observer to provide a correct
estimate of the state, thus effectively improving the leader
robot localization. Conversely, a system is not observable
means that the output does not convey information rich
enough to allow the observer to provide a correct estimate
of the state, thus negatively affecting the leader robot
localization.

Sn :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ṡ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρ̇1

ϕ̇1

α̇1

ρ̇2

ϕ̇2

α̇2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= F (s)U =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos δ1cosγ1 0 − cos δ2 cosϕ1 0 0 0

− sin γ1 cos δ1/ρ1 0 cos δ2 sinϕ1/ρ1 −1 0 0

0 1 0 −1 0 0

0 0 cos δ2cosγ2 0 − cos δ3 cosϕ2 0

0 0 − sin γ2 cos δ2/ρ2 0 cos δ3 sinϕ2/ρ2 −1

0 0 0 1 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ν1

ω1

ν2

ω2

ν3

ω3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

y = h(s) =
[
hT
1 (s), h

T
2 (s)

]

(29)

3. Leader-Follower Formation Control of Multi-
Robots Based on Bearing-only Observations

3.1 Problem Statement

Based on the observability of the leader robot system
(the leader robot observing four different landmarks), this
section examines the bearing-only leader-follower forma-
tion. We will formulate the bearing-only leader-follower
observation model and provide the notations used. As
shown in Fig. 2, R2 follows R1, and R3 follows R2.
The control inputs for robots are linear and angular ve-

locities [νi ωi], (i=1, . . . , n), and input vector U
Δ
=

[ν1 ω1 ν2 ω2 ν3 ω3]
T. ρi is the distance from the

centroid of the leader to the centroid of the follower, ϕi

is the view-angle from the y-axis of the follower to the
centroid of the leader-robot, and αi is the relative orienta-
tion between the leader robot and the follower robot, i.e.,

αi
Δ
= θi − θj .

Figure 2. Leader-follower coordinate representation.

With reference to Fig. 2, the kinematic model of a
cascade leader-follower robot formation can be expressed
as (29)
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where the state vector is s
Δ
= [sT1 , s

T
2 ]

T, s1
Δ
= [ρ1 ϕ1 α1]

T,

s2
Δ
= [ρ2 ϕ2 α2]

T, γi = ϕi + αi (i = 1, 2), the input vector

isU
Δ
= [ν1 ω1 ν2 ω2 ν3 ω3]

T, and the output vector is y =

h(s) =
[
hT
1 (s), h

T
2 (s)

]T
, h1

Δ
= [ϕ1 α1]

T, h2
Δ
= [ϕ2 α2]

T.

Sn :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ṡ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ρ̇1

ϕ̇1

α̇1

...

ρ̇n

ϕ̇n

α̇n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= F (s)U =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos δ1cosγ1 0 − cos δ2 cosϕ1 0 0 0

− sin γ1 cos δ1/ρ1 0 cos δ2 sinϕ1/ρ1 −1 0 0

0 1 0 −1 0 0
...

...
...

...
...

...

0 0 cos δncosγn 0 − cos δn+1 cosϕn 0

0 0 − sin γn cos δn/ρn 0 cos δn+1 sinϕn/ρn −1

0 0 0 1 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ν1

ω1

ν2

ω2

...

νn+1

ωn+1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

y = h(s) =
[
hT
1 (s1) , . . . , hT

n (sn)
]T

(30)

where s =
[
sT1 , s

T
2 , · · · , sTn

]T ∈ R
3n is the state vector,

U =
[
uT
1 , u

T
2 , · · · , uT

n+1

]T ∈ R
2(n+1) is the control input

vector, output vector y = h(s) = [hT
1 (s1) , . . . , hT

n (sn)]
T
.

3.2 Input-Output Feedback Control Basedon UKF

To achieve or maintain a desired leader-follower formation,
the followers need to know the relative position of the
leader and adjust their current positions accordingly in real
time. In our approach, bearing observations are estimated
by UKF, and the leader-follower control problem is solved
using the classical input-output feedback control law. In
the following section, we will explain how to calculate the
control input required for the formation of the followers.
The control law is designed for R1 and R2, which is also
similarly designed to other robots of cascade formation.

UKF was implemented to estimate the state s given
the input vector U and the output y . We assume both the
state dynamics (31) and the observation (32) are affected
with additive noises as

ṡ = F (s)U + O (31)

y =Gs+N (32)

whereG is the output transition matrix, O andN are white
Gaussian noises with zero mean and covariance matrices
PL and PN , respectively. We further assume that s(0), O
and N are uncorrelated for simplicity. We apply the Euler
forward method with sampling time Tc to discretize the
state dynamics (31), obtaining

s(k + 1) = Γ(s(k), u(k)) + TcO (33)

where Γ(s(k), u(k))=TcF (s)U + s(k) and k∈N.

The kinematic model of multistage cascade leader-
follower robot formation can be readily obtained as an
extension of (29).

By taking the derivative on α1
Δ
= θ1 − θ2, we have

α̇1 = ω1 − ω2 (34)

and consider the set of kinematic equations equivalent to
the state equation of (29)

ṡ r = H(s)U1 + I(s)U2 (35)

where sr
Δ
= [ρ1 ϕ1]

T is the reduced state-space vector,

F 2×4
1 is the upper-left submatrices of F in (29), H2×2 =⎡

⎣ cos δ1cosγ1 0

− sin γ1 cos δ1/ρ1 0

⎤
⎦ and I2×2 =

⎡
⎣− cos δ2 cosϕ1 0

cos δ2 sinϕ1/ρ1 −1

⎤
⎦

are the upper-left and right submatrices of F1, respec-
tively. It is obvious that the decoupling matrix I2×2 is
nonsingular with respect to v2 and ω2, i.e., det(I2×2) �=0,
so the off-axis problem [18], [31] and singular of the decou-
pling matrix [14], [31] are both overcome when the follower
robots observe the bearing information of the leader robot.
The input-output feedback control law [41] algebraically
transforms nonlinear system dynamics into linear and then
calculates the control input U for the follower to obtain
an output state vector sr converging to a desired sider .

The control input for input-output feedback control
system is:

U 2
Δ
= [v2 ω

2
]T = I−1(s)(C −H(s)U1) (36)

where

C = −K(sr − sider ) (37)

and K = diag
[
k1 k2

]
, with k1, k2 > 0. The superscript

“ide” refers to the desired state, and C is the auxiliary
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control parameter. Equation (36) serves as a feedback
linearizing control for (35). Substituting (36) for (35), the
closed-loop dynamics becomes

ṡ r = C = −K(sr − sider ) =

⎡
⎣k1(ρ

ide
1 − ρ1)

k2(ϕ
ide
1 − ϕ1)

⎤
⎦, α̇1 = ω1−ω2

(38)

4. Simulation Study

This section presents the simulation results to validate
the observability conditions regarding the leader robot
system discussed in the previous section. For the leader-
follower formation system, the simulation environment
consists of three robots where R2 follows R1, and R3

follows R2. To demonstrate the validation of the proposed
formation control approach, simulations are designed based
on the platform of both Webots 7 and MATLAB. The
simulation scenario given in Webots 7 is shown in Fig. 3.
In Figs. 4 and 5, the leader robot system performance
and the leader-follower formation system performance are
given, respectively.

4.1 Initial Conditions

We assume that the noise in this paper is White Gaus-
sian. For the parameters required by the PF, the
sampling time is Tc =0.01 s, the sample particles are
Nt =500, standard deviations of the robot state noise

are [σxfi
σyfi

σηi
σθi

]T = [0.05 0.05 0.05 0.05]T, and the

standard deviation of measure noise is σϑik
=0.05.

Parameters of UKF and the input-output state feed-
back law are as follows:

We set s(0)= [0.4474 2.4223 0 0.4360 2.4469 0 0.4126

1.816 0]T and s ide
r = [0.45 5π/4 0.45 5π/4 0.75 5π/4]T,

where distances are in meters and angles in radi-
ans. The gains of the controller are k1 =0.25, k2 =0.10.
The other parameters of the UKF are Tc =0.01 s,

PL = diag([h h]), PN = diag([h h]), P =([1.13 1.13]),

where h=3.0× 10−2 rad2.

Figure 3. The simulation scene of mobile robots.

The following velocity inputs have been assigned to
the leader robot

v1(t) = 4m/s

ω1(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−π/3 rad/s, t ∈ {[0, 4}

π/3 rad/s, t ∈ [4, 7]

0 rad/s, t ∈ 7, 9]

The initial configuration vectors of the leader robot
and follower robots are

[
x1(0) y1(0) θ1(0)

]T
= [0 0 π/4]

T

[
x2(0) y2(0) θ2(0)

]T
= [−0.1 −0.3 π/4]

T

[
x3(0) y3(0) θ3(0)

]T
= [−0.3 0.8 π/4]

T

4.2 Simulation Analysis

In the initial moment, the robots need to adjust the orig-
inal postures to ideal postures, and the original position
error is relatively large. As this has no effect on normal
movement of the robot formation, we do not consider posi-
tion error at the initial moment when all the existing types
of simulations are analysed.

The leader robot can obtain bearing measurements by
observing different number of landmarks. “0-LM”, “1-
LM”, “2-LM”, “3-LM” and “4-LM” represent the number
of landmarks, respectively, and are used for leader robot
system localization in Fig. 4. Figure 4(a) shows the true
and estimated trajectories of the leader robot for each of
the five cases. It is evident that the estimated trajectories,
which the leader robot can observe using no fewer than
two different landmarks, are closest to the true trajectory.
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Figure 4. The leader robot system performance: (a) trajectories of the leader robot; (b) root mean square error; (c) error
of the leader robot in x direction; (d) error of the leader robot in y direction; (e) orientation error of the leader robot; and
(f) observation angle error of the leader robot.

This is because with more than one landmark the leader
robot system is observable according to the observability
described in Section 2.3. Figure 4(b) shows the plots of the
root mean square error with no landmark, one landmark,
two landmarks, three landmarks and four landmarks. The
root mean square error with either no landmark or one
landmark is higher than the error with two, three or four
landmarks because, in the last three cases, the leader robot
system is observable. Figure 4(c)–(e) shows the plots of
error in x, y and θ, respectively, for all five cases, and the
error in each case is all small. It is evident that the error
for two, three and four landmarks is lower than the error
related to no landmark and one landmark. This is because
with more than one landmark the leader robot system
is observable according to the observability described in

Section 2.3. Figure 4(f) shows the plots of relative bearing
error for all four cases. Although the relative bearing
error for four cases is small, the error for two, three and
four landmarks is smaller than the error related to one
landmark.

Figure 5(a) gives the trajectories of the leader and
followers, showing intuitively that the desired formation
is properly formed and maintained. Figure 5(b) shows
that the observation angle estimation error is very small.
Figure 5(c) shows that the direction angle estimation error
is also very small during the input-output feedback control
process, except when the leader changes moving direction
suddenly from right to left or from left to right, and the
maximum direction angle error occurs around −0.0217.
Overall, these results indicate a stable performance of the
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Figure 5. The leader-follower formation system perfor-
mance: (a) trajectories of robots in Scenario 1; (b) ob-
servation angle estimation error; and (c) direction angle
estimation error.

proposed formation control solution and a quick response
to the change.

5. Conclusion

A new leader-follower formation control method is pro-
posed. Based on the bearing-only observations, the nonlin-
ear observability properties between the leader robot and
landmarks are studied. When the leader robot system is
observable, the leader-follower formation can rapidly form
and remain intact. Simulation results are presented to
demonstrate that the proposed approach can efficiently
control the formation of multi-robots as desired. Further
research for multi-robot formation control will consider
dynamical obstacles and formation transformation.
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